In a previous paper, we computed expressions for the Detweiler-Whiting singular field of point scalar, electromagnetic and gravitational charges following a geodesic of the Schwarzschild spacetime. We now extend this to the case of equatorial orbits in Kerr spacetime, using coordinate and covariant approaches to compute expansions of the singular field in scalar, electromagnetic and gravitational cases. As an application, we give the calculation of previously unknown mode-sum regularization parameters. We also propose a new application of high-order approximations to the singular field, showing how they may be used to compute m-mode regularization parameters for use in the m-mode effective source approach to self-force calculations.
I. INTRODUCTION
The two-body problem in general relativity is a long-standing, open problem going back to work by Einstein himself. With recent advances in gravitational wave detector technology, this age-old problem has been given a new lease of life. Some of the key sources expected to be seen by both space-and ground-based gravitational wave detectors are black hole binaries. Accurate models of black hole binaries are required for their successful detection by gravitational wave detectors. This development is today motivating numerical, analytical and experimental relativists to work together with the goal of producing models of the inspiral and merger of black hole binary systems.
In modeling black hole binaries, it is widely accepted that for the scenario of an extreme mass ratio inspiral (EMRI), the self-force approach is the model of choice. EMRIs are expected to be seen by space-based detectors such as NGO/eLISA [1] . Although NGO/eLISA has recently been postponed, the gravitational wave research community is confident in its inevitable flight. In the meantime, recent research has shown the applicability of self-force calculations to other black hole binary configurations [2, 3] , extending the application of self-force to ground-based detectors such as LIGO and VIRGO.
Within the self-force approach, one perturbatively solves for the motion of a small body in the background of a massive black hole. Formal derivations of the equations of motion of a small body, moving in a curved spacetime, have settled on the idea of a well-defined singular-regular split of the retarded field generated by the body [4] [5] [6] [7] [8] [9] [10] [11] [12] . Several practical self-force computation strategies have developed from these formal derivations, all of which are based on the now-justified assumption that the use of a distributional source is acceptable at first perturbative order. These strategies broadly fall into three categories: the mode-sum approach [13, 14] , the effective source approach [15, 16] and Green function approaches [17, 18] . The key to all three approaches is the subtraction of an appropriate singular component from the retarded field to leave a finite regular field that is solely responsible for the self-force. This singular component must have the same singular structure as the full retarded field in the vicinity of the body and must not contribute to the self-force (or its contribution must be well known such that it can be corrected for). There are many choices for a singular field that satisfies these criteria, although not all choices are equal. Detweiler and Whiting [19] identified a particularly appropriate choice. Through a Green function decomposition, they defined a singular field that not only satisfies the above two criteria, but also has the property that when it is subtracted from the full retarded field, it leaves a regularized field that is a solution to the homogeneous wave equation. Extensions of this idea of a singular-regular split to extended charge distributions [8, 9] , to second perturbative order [20] [21] [22] [23] [24] and to fully nonperturbative contexts [25] have recently been developed.
In a previous paper [26] (from now on referred to as Paper I), we focused our calculations on the Schwarzschild spacetime representing a nonrotating black hole. Although this is a possible physical scenario, it is believed that a more astrophysically realistic or probable situation would be that of a Kerr or rotating black hole spacetime. One of the primary goals of the self-force community is, therefore, the successful calculation of the self-force in Kerr spacetime, with particular emphasis on the gravitational case. To this end, we now adapt our previous work from Paper I to the Kerr spacetime.
In Paper I, we developed approaches to computing highly accurate approximations to the Detweiler-Whiting singular field of point scalar and electromagnetic charges as well as that of a point mass. This was achieved through high-order series expansions in a parameter , which acts as a measure of distance from the particle's world line. We also derived explicit expressions for the case of geodesic motion in Schwarzschild spacetime. In this paper, we extend this analysis to the case of eccentric, equatorial orbits in the Kerr spacetime. We find that all of the methods developed in Paper I may be applied to the Kerr case with little modification. Nevertheless, the detailed expressions are significantly more complicated in the Kerr case. Since our method is largely the same as that used in Paper I, we direct the reader there for full details and give here only the expressions that differ.
In Paper I, as applications of our high-order expansions of the singular field, we derived expressions that may be used to improve the accuracy of both the mode-sum and effective source approaches to computing the self-force. Since the effective source approach requires that the source be evaluated in an extended region around the world line, numerical evaluation can be time consuming, in particular when using high-order expansions such as the ones produced in both this paper and Paper I. Existing calculations have settled on expansions of the singular field to O( 2 ) as a particular "sweet spot" [27] [28] [29] -up to this order the increase in complexity of the singular field and corresponding effective source is rewarded with an increase in accuracy at modest computational cost. However, expansions above this order may well slow down the calculations to such a degree that the extra orders offer more of a hindrance than a help. In this paper, we propose a solution to this problem that allows most of the benefit to be reaped from high-order expansions without the need for using increasingly complicated high-order expansions in numerical evolutions. This idea makes use of the m-mode scheme, developed by Barack and Golbourn [15] , which decomposes the retarded field and effective source into azimuthal modes; the resulting conservation of axial symmetry makes the scheme well suited to the Kerr spacetime. By carrying out m-mode effective source calculations with an effective source accurate to some order, say O( 2 ), one can obtain numerical values, for which the m-modes of the self-force converge polynomially with 1/m. Our technique then makes use of our higher terms of the singular field [those above O(
2 )], to obtain a faster convergence of this m-mode sum and, hence, assist in the production of highly accurate values for the self-force.
The layout of this paper is as follows. In Sec. II, we use coordinate expansions to derive high-order regularization parameters for use in the mode-sum method. In doing so we give new, previously unknown regularization parameters in scalar, electromagnetic and gravitational cases. In Sec. III, we propose a new application of high-order coordinate expansions of the singular field, showing how they may be used to derive m-mode regularization parameters for use in the m-mode effective source approach. In Sec. IV, we summarize our results and discuss further prospects for their application.
Throughout this paper, we use units in which G = c = 1 and adopt the sign conventions of [30] . We denote symmetrization of indices using parenthesis [e.g., (ab)], antisymmetrization using square brackets (e.g., [ab]), and exclude indices from (anti)symmetrization by surrounding them by vertical bars (e.g., (a|b|c), [a|b|c] ). We denote pairwise (anti)symmetrization using an overbar, e.g., R (ab cd) = 1 2 (R abcd + R cdab ). Partial derivatives are represented by a comma (",") and covariant derivates by a semicolon (";"). Capital letters are used to denote the spinorial/tensorial indices appropriate to the field being considered. In many of our calculations, we have several spacetime points to be considered. Our convention is that
• the point x refers to the point where the field is evaluated,
• the pointx refers to an arbitrary point on the worldline,
• the point x refers to an arbitrary spacetime point,
• the point x (adv) refers to the advanced point of x on the world line,
• the point x (ret) refers to the retarded point of x on the world line.
In computing expansions, we use as an expansion parameter to denote the fundamental scale of separation, so that ∆x = x −x ≈ O( ). Where tensors are to be evaluated at these points, we decorate their indices appropriately using an overbar (¯), e.g., T a and Tā refer to tensors at x andx, respectively.
II. -MODE REGULARIZATION
One of the most successful self-force computation approaches to the date is the mode-sum scheme of Barack and Ori [13, 14] ; the majority of existing calculations are based on it in one form or another . The basic idea is to decompose the retarded field into spherical harmonic modes, which are continuous and finite -in general for the scalar case and in the Lorenz gauge for the electromagnetic and gravitational cases. The spherical symmetry of the Schwarzschild spacetime makes this decomposition into spherical harmonic modes a natural choice. In Kerr spacetime, despite there being more natural choices (such as a decomposition into spheroidal harmonics), a decomposition of the singular field into spherical harmonic modes has been shown to be of practical use in computing the scalar self-force [47, 48] . While similar approaches have yet to be attempted in electromagnetic or gravitational cases, it seems likely that they are at least possible in principle.
A key component of the mode-sum calculation involves the subtraction of the so-called regularization parametersanalytically derived expressions that render the formally divergent sum over spherical harmonic modes finite. In this section, we derive these parameters from our singular field expressions and show how they may be used to compute the self-force with unprecedented accuracy.
A. Mode-sum concept
The self-force for the scalar, electromagnetic and gravitational cases, can be written generically as
where
is the regularized field and p a A (x) is a tensor at x, which depends on the type of charge. We can, therefore, rewrite the self-force as
Carrying out a spherical harmonic decomposition on the field,
allows the self-force to be rewritten as,
Defining the component of the retarded or singular self-force to be
the self-force can be expressed as
It is the last term on the right, F a (S) , that we calculate in this section for each of the scalar, electromagnetic and gravitational cases in Kerr spacetime.
Our explicit expression for the -modes of the singular self-force in Kerr spacetime is written as an expansion about the world-line pointx, that is
where we are missing odd orders above −1, as these are zero -this will be shown to be the case later in this section. When summed over , the contribution of F a [2] (r 0 , t 0 ) and higher terms to the self-force is zero. However, if we ignore these higher terms in the approximation of ϕ A m (S) , then the approximation for ϕ A m (R) is only C 1 , causing the sum over to be polynomially, rather than exponentially convergent in 1/ . Therefore, despite these terms having zero total contribution to the self-force, when it comes to numerically calculating the self-force using a finite number of -modes, the inclusion of the higher order terms dramatically reduces the number of modes required and, hence, computation time. For this reason, every extra term or regularization parameter that can be calculated is important.
B. Rotated coordinates
To obtain expressions that are readily written as mode-sums, previous calculations [13, 33, 35] found it useful to work in a rotated coordinate frame. In Paper I, we found it most efficient to carry out this rotation prior to doing any calculations; this also holds in the Kerr case. To this end, we introduce coordinates on the 2-sphere atx in the form
where α and β are rotated angular coordinates given by sin θ cos φ = − cos α sin θ 0 − sin α sin β cos θ 0 , (2.10) sin θ sin φ = sin α cos β, (2.11) cos θ = cos α cos θ 0 − sin α sin β sin θ 0 .
(2.12)
The Kerr metric in these coordinates (withx chosen to lie on the equator, i.e., at α = 0, θ 0 = π/2) is given by the line element
. (2.14)
As in the Schwarzschild case, this algebraic form has an advantage over its trigonometric counterpart in computer algebra programs where trigonometric functions tend to slow down calculations. Despite the apparent complexity of the Kerr metric in this form, calculations of the regularization parameters using this form are more efficient than using Boyer-Lindquist coordinates and rotating the resulting complicated expressions.
C. Mode decomposition
Having calculated the singular field using the Kerr metric in the above form and the methods described in Paper I, it is straightforward to calculate the singular component of the self-force, F a , for the scalar, electromagnetic and gravitational cases. This is done by using Eq. (2.1) with the singular field substituted for the regular field 1 . We, then, obtain a multipole decomposition of F a by writing
where Y m (θ, φ) are scalar spherical harmonics, and accordingly
To calculate the -mode contribution atx = (t 0 , r 0 , α 0 , β 0 ), we have
With the particle on the pole in the rotated coordinate system, Y m (α 0 = 0, β 0 ) = 0 for all m = 0. This also allows us, without loss of generality, to take β 0 = 0. Taking α 0 , β 0 and m all to be equal to zero in Eq. (2.17) gives
Using the methods of Paper I, a coordinate expansion of the singular self-force F a (r, t, α, β) may be written in the form
In using Eq. (2.19) to determine the regularization parameters, we only need to take the term in the sum at the appropriate order: 20) where the α, β dependence is contained exclusively in ∆w 1 and ∆w 2 . Here, E = −u t and L = u φ are the energy per unit mass and angular momentum along the axis of symmetry respectively. In particular, taking t = t 0 (∆t = 0) allows us to write
For the mode-sum decomposition, it is favorable to work with ρ 0 (α, β) 2 ≡ ρ (r 0 , t 0 , α, β) 2 in the form
This can be achieved by rewriting Eq. (2.21) with ∆r → 0 as
Rearranging gives 25) which is equivalent to Eq. (2.22) with k =
we can now rewrite our ∆w's in the alternate form
It is worth noting that these expressions are equivalent to those in Paper I, but are written in a more general form here -we can recover the Paper I expressions (Schwarzschild spacetime) by setting ζ 2 = L 2 + r 2 0 . Suppose, for the moment, that we may take the limit in Eq. (2.18) through the integral sign, then, using our alternate forms, we have
In [13] , it was shown that the integral and limit in Eq. (2.18) are indeed interchangeable for all orders except the leading order, n = 1 term, where the limiting ∆r/ρ 0 3 would not be integrable. Thus we find the singular self-force now has the form
Here, the β dependence in the c a (n) 's are hidden in χ, while the α, β dependence of F a (r, t 0 , α, β) is hidden in both the ρ's and c a (n) 's. Note here that we use the convention that a subscript in square brackets denotes the term that will contribute at that order in 1/ . Furthermore, the integrand in the summation is odd or even under ∆w i → −∆w i according to whether n (and so 3n − 2) is odd or even. As a result only the even terms are nonvanishing, while
Some care is required in order to obtain easily integrable expressions in the case of eccentric orbits. We use the approach of previous methods [13, 33, 35, 53] (and also employed in Paper I), by redefining our ∆w 1 coordinate in such a way that the cross terms involving ∆r∆w 1 in ρ 0 vanish. That is, we make the replacement ∆w 1 → ∆w 1 + c∆r, where c is given by
This allows us to write
where ν is an expression involving r 0 , a, E and L. This can easily be rearranged to give
Here, A [33] . We can now express ρ (r, t 0 , α, β) −3 as
Bringing this result into our expression for F a [-1] (r 0 , t 0 ) from Eq. (2.29) and integrating over α gives
Here, the first equality takes advantage of the orthogonal nature of the P (cos α), while the last equality comes from taking the limit as ∆r → 0 and noting from Appendix C of [33] that the integral is a special case of the hypergeometric functions given by
B a(1) and b a ar now also carry a tilde to signify that they are not the exact same B a(1) and b a ar from Eq. (2.19); the tilde reflects the fact that they have also undergone the coordinate shift ∆w 1 → ∆w 1 + c∆r. Again, it should be noted that Eq. (2.35) holds for any spacetime for which ρ = (gābuā∆x b ) 2 + gāb∆x a ∆x b can be written in the form of Eq. (2.31).
In the higher order terms of Eq. (2.29), we may immediately work with ρ 0 2 = 2χζ
, from the generating function of the Legendre polynomials and, as given in Appendix D of [33] , for (n + 1)/2 ∈ N,
(2.39)
In this case, the angular integrals involve 1 2π
where (n + 1)/2 ∈ N ∪ {0}. The resulting equations can then be tidied up using the following special cases of hypergeometric functions:
are complete elliptic integrals of the first and second kinds respectively. All other powers of χ can be integrated to give hypergeometric functions, which can then be manipulated to be one of the above by the use of the recurrence relation in Eq. (15.2.10) of [54] ,
In the following sections, we give the results of applying this calculation to each of the scalar, electromagnetic and gravitational cases in turn. In doing so, we omit the explicit dependence on , which in each case is
D. Scalar -mode regularization parameters
In the scalar case, the singular part of the self-force is given by
where Φ (S) is the scalar singular field. The scalar regularization parameters are then given by
The general expressions for the higher regularization parameters, F a [2] and F a [4] , are too large for paper format and have instead been made available electronically [55] . For the reader to get an understanding of the form and size of these expressions, we include here only F r [2] for a circular orbit. This is given by
) .
E. Electromagnetic -mode regularization parameters
In the electromagnetic case, the singular part of the self-force is given by
where e is the charge of the particle, u c is the four-velocity and A
(S)
c,b is the partial derivative of the electromagnetic potential. Here, an ambiguity arises in the definition of u a in the angular directions away from the world line. In Eq. (2.53), one is free to define u a (x) as one wishes provided lim x→x u a (x) = uā. A natural covariant choice would be to define this through parallel transport, u a (x) = g ab ub. However, in reality, it is more practical in numerical calculations to define u a such that its components in Boyer-Lindquist coordinates are equal to the components of uā in Boyer-Lindquist coordinates [44] . In doing so, the regularization parameters produced are
54)
57)
As with the scalar case, F a [2] proves too large to include in paper format and so is available electronically [55] ; again we provide F r [2] for circular orbits below to allow the reader to get an understanding of the structure of the parameters:
where 
F. Gravitational -mode regularization parameters
Self-force regularization
The singular part of the self-force on a point mass is given by
bc is the trace-reversed singular metric perturbation. Note that, as in the electromagnetic case, an ambiguity arises here due to the presence of terms involving the four-velocity at x. One is free to arbitrarily choose how to define this provided lim x→x u a = uā. Following Barack and Sago [44] , we choose to take the Boyer-Lindquist components of the four-velocity at x to be exactly those atx. The regularization parameters in the gravitational case are given by
62)
63)
64) 
As with the scalar and electromagnetic cases, F a [2] is too large for paper format and so is available electronically [55] . Instead, we give here F r [2] for circular orbits,
huu regularization
The quantity
was first proposed by Detweiler [56] as a tool for constructing gauge invariant measurements from self-force calculations. It has, since then, been proven invaluable in extracting gauge invariant results from gauge dependent self-force calculations [42, 57] .
Much the same as with self-force calculations, the calculation of H (R) requires the subtraction of the appropriate singular piece,
ab u a u b , from the full retarded field. In this section, we give this subtraction in the form of mode-sum regularization parameters. In doing so, we keep with our convention that the term proportional to + 1 2 is denoted by H [-1] (= 0 in this case), the constant term is denoted by H [0] , and so on.
Note that, as in the self-force case, an ambiguity arises here due to the presence of terms involving the four-velocity at x. One is free to arbitrarily choose how to define this, provided lim x→x u a = uā. As before, we choose this in such a way that the Boyer-Lindquist components of the four-velocity at x are exactly those atx. The regularization parameters are then given by
71)
where , F r [4] and F r [6] (this last parameter is computed using a numerical fit to the modes = 15, . . . , 18). The dots give the self-force computed from a frequency domain calculation of the retarded field and regularized by subtracting in turn the cumulative sum of [2] and F r [4] .
denotes an approximation valid in the neighborhood of the world line), with an effective source,
For sufficiently good approximations to the singular field,φ A (R) and S A are finite everywhere, in particular, on the world line. As a result, one never encounters problematic singularities or δ functions, making the approach particularly suitable for use in time domain numerical simulations. A detailed review of this approach can be found in [58, 59] .
One disadvantage of the effective source approach stems from the fact that the source must be evaluated in an extended region around the world line. Since the source is derived from a complicated expansion approximating the singular field, its evaluation can dominate the run time of a numerical code. This problem is exasperated as increasingly good approximations to the singular field -using increasingly high-order series expansions -are used, placing a practical upper limit on the order of the singular field approximation that may be used in effective source calculations. Existing calculations [27] [28] [29] settled on what appears to be a sweet spot, using an approximation accurate to O( 2 ). Despite it being possible to compute higher order effective sources from our singular field approximation, this practical consideration may appear to rule out the usefulness of high-order expansions of the singular field in effective source calculations. This is particularly so in the case of the Kerr spacetime, where even an order O(
2 ) approximation to the singular field is quite unwieldy. However, it turns out that high-order expansions can, in fact, be put to good use in effective source calculations. In this section, we show how this may be achieved in the case of the m-mode approach to effective source calculations. In this approach, one first performs a decomposition into m-modes, 4) and independently evolves the m-decomposed form of the wave equation for each m-mode. These equations have an m dependent effective source, which is derived from the particular choice of approximation to the singular field. The full field is then given as a sum of these individual modes, 5) or equivalently,φ
For the remainder of this section, we will always work with these "folded" m-modes and can therefore assume m ≥ 0.
For an approximation accurate to O( n ), the numerical solutions for the field fall off as m −(n+2) for m even and as m −(n+3) for m odd. Obviously, only finitely many m-modes (typically ∼ 10-20) can ever be computed numerically; with the error from truncating the sum at a finite m putting an upper limit on the accuracy of the self-force that can be computed. This may be mitigated, somewhat, by fitting for a large-m tail, but that fit itself requires more modes and is only ever approximate. Here, we propose a much better solution; that is to use the higher order terms in the singular field (those that have not been used in computing the effective source) to analytically derive expressions for the tail. In many ways, this is analogous to the -mode regularization scheme, where there is a large-tail and one can compute -mode regularization parameters.
B. Derivation of m-mode regularization parameters
For clarity, we carry out the following derivation for a scalar field; however, extending this to the cases of higher spin is straightforward. To derive analytic expressions for the large-m tail, we first note that an approximation to the singular field accurate to O( n ) can be written in the form
where the coefficients A ni are functions of the world-line position, r 0 and θ 0 , the constants of motion, E, L and C, and ∆r and ∆θ. This form has the benefit of ensuring that the approximation is regular everywhere except on the world line, while still being amenable to analytic integration in the φ direction. This makes it particularly appropriate for use in m-mode effective source calculations [60] . Using the leading orders [say, to O( p )] in this expansion to compute an effective source, one is left with a singular field remainder that is finite, but of limited differentiability on the world line. Since it is finite, we can safely set ∆r = ∆θ = 0 in Eq. (3.7), leading to a singular field remainder that has the form
where Θ(∆φ) is the Heaviside step function. Substituting this into Eq. (3.4) and noting that for even j 9) we are left with trivial integrals of the form
As a result, we see that the real-valued regularization parameters are given by the odd terms in the expansion of the singular field and the imaginary-valued parameters are given by the even terms. Furthermore, we see that the falloff with m is always an even power of 1/m in the real part and an odd power of 1/m in the imaginary part. While this analysis was done for the field, it should be noted that it equally well applies to the self-force. The only modification necessary is to compute the self-force from the singular field before setting ∆r = ∆θ = 0; the remainder of the calculation proceeds in exactly the same way.
Finally, we note that the m-mode regularization parameters, derived in this way, are dependent on the singular field being written in the form given in Eq. (3.7) . Effective source calculations may use some other form for the approximation to the singular field (while still being accurate to the same order), in which case, there is no guarantee that the regularization parameters given here are appropriate.
C. m-mode regularization parameters
Below, we give the results of applying this calculation to the scalar and gravitational cases. In doing so, we omit the explicit dependence on m that in each case is
,
. (3.11)
As the expressions for generic orbits of Kerr spacetime are too large to be of use in printed form, we give here only the representative expressions for two cases: the r component of the scalar self-force for a circular geodesic orbit and the quantity H =
12) The gravitational, m-mode parameters for H are
, (3.14)
and As an example application of these m-mode regularization parameters, we consider the case of a scalar charge, on a circular geodesic orbit of radius 10M , in Kerr spacetime with a = 0.6M . The self-force, in this case, was computed in Ref. [60] , using the m-mode effective source approach, with an effective source derived from an approximation to the singular field of the form (3.7), accurate to O( 2 ). As expected, this gives numerical results for the m-modes of the self-force that asymptotically fall off as m −4 . In this case, the F m r [2] parameter is not needed as it has already been subtracted through the effective source calculation. However, the F m r [4] parameter has not been subtracted and asymptotically gives the leading order behavior (in 1/m) of the modes. Subtracting this from the numerical results, therefore, leaves a remainder that falls off as m −6 . Furthermore, a numerical fit of this remainder can be done to numerically determine the next two parameters, in this case, giving F r [6] = 0.108797q 2 /M 2 and F r[8] = 11.3398q 2 /M 2 . In Fig. 2 , we plot the results of subtracting the analytic F m r [4] and numerically fitted F m r [6] regularization parameters, in turn, from the raw numerical data. For large m, the numerical data falls off as m −4 , with the coefficient matching our analytic prediction given by F m r [4] . Subtracting this leading order behavior, we find that the remainder falls off as m −6 , as expected.
IV. DISCUSSION
This paper extends the work of Paper I to the case of equatorial geodesic orbits in Kerr spacetime. However, this only reflects a subset of the possible geodesic orbits in that case. In general, geodesics of Kerr spacetime do not lie in the equatorial plane. While our calculation could be extended to cover the case of these more generic geodesics, we have chosen here to restrict ourselves to the case of equatorial motion and work with the significantly simpler expressions that ensue, leaving the more general case for future work.
In our analysis, we have made use of scalar spherical harmonics that are not particularly well suited to Kerr spacetime or gravitational perturbations. A more appropriate choice of basis functions may be the spheroidal harmonics for Kerr spacetime or the tensor harmonics in the gravitational case; it may be more sensible to compute regularization parameters for these spheroidal or tensor harmonic bases. However, from a practical perspective, most existing numerical self-force calculations already make use of lower order versions of the expressions given here. The example in Sec. II clearly shows that these existing calculations gain significant improvements in accuracy from the use of spherical harmonic expansions. In this way, the end justifies the means: despite not being a natural choice, the use of spherical harmonics is a good, practical choice. Nevertheless, an adaptation of our calculation to the spheroidal or tensor harmonic basis, and to other gauges, would make the results applicable in a much wider range of contexts. The Lorenz gauge metric perturbation equation on Kerr spacetime has not yet been shown to be fully separable. It is likely that this would require the development of tensor spheroidal harmonics, whose existence are, as-yet, unknown. In the absence of these, it has not been possible to test the validity of our electromagnetic and gravitational -mode regularization parameters. However, as in Paper I, deriving the expressions by independent methods gives us strong confidence in our results. Another check is to set a = 0, in which case, the results agree with those of Paper I, which we know to be correct.
Note that the m-mode scheme is not affected by this issue as it is equally applicable to both Schwarzschild and Kerr spacetimes, and is likewise equally as valid in the gravitational, electromagnetic and scalar cases. The only caveat is that the m-mode regularization parameters are only guaranteed to be correct for an effective source derived from a compatible approximation to the singular field. Since there is a large amount of flexibility in the effective source approach, if one chooses an incompatible singular field approximation, the regularization parameters here must be modified appropriately.
